ON CERTAIN ALGEBRAIC CYCLES ON ABELIAN VARIETIES OF
FERMAT TYPE

DAIKI CHIJITWA

1. INTRODUCTION
Let X! be the n-dimensional Fermat variety of degree m, which is defined by
X" ={(xg: - :xpy1) € P cxg 4+t =0}

These objects have long been studied in algebraic geometry and number theory. In the
late 1970s, T. Shioda developed arithmetic methods to study homological properties of
algebraic cycles on Fermat varieties and other special varieties originated from Fermat
varieties. For example, the Hodge conjecture for X was well-studied in [7] by using
the inductive structures of Fermat varieties and the character decomposition of algebraic
cohomology classes with respect to the finite abelian group G}, acting naturally on X .
In [R], he continuously studied the Hodge conjecture for abelian varieties of Fermat type,
which is isogenous to a product of certain factors of the Jacobian variety J(X} ), and
further studied homological properties of algebraic cycles on them via their canonical
decompositions derived from the character decomposition of H!(X!).

Let us introduce certain special algebraic cycles on certain products of Fermat curves
and on their Jacobian varieties, which are constructed as follows. Let A" = (H;j)o<i<j<n+1
be the special configuration of the hyperplanes in P" defined as the zero locus of the linear
form

I x; — T, (0<i<j<n)
Y ) 2 0<i<j=n+1)

We take the abelian cover Y, of P™ branched along A" corresponding to the function

field extention
k(]Pm) C k(]Pm)( m\/l@j/lg@ 0<i<j<n+ 1).

Then we can construct a certain rational map p : Y,? --» (X1)?" by using certain rela-
tions between the linear forms l;;. We take its image Y7 in (X},)?", and the image © (Y1)
under the composite with Abel-Jacobi map ¢ : (X},)?" — J(X},)?". Our main interest
is to study homological properties of these algebraic cycles. These cycles appeared in the
C. Schoen’s work [6] to investigate Albanese exoticity [4] of ¥;. In his paper, he asked a
naive question: What (if any) relationship does exist between Y, and the construction of
algebraic cycles on abelian varieties of Fermat type by Shioda in [R]? Related to Schoen’s
question, we pose the following question: What exactly is the canonical decomposition
of the fundamental class of ¢(J%) in the cohomology of the Jacobian variety J(X} )?"?

In this paper, we adress this question by focusing on the character decomposition of the

fundamental class [V7] of Y7 in the middle-dimensional primitive cohomology of (X} )2".
1
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Our main results determine all non-zero components which appear in the decomposition
of its primitive part [V)}]prim in the case n = 2. As a direct corollary of the main
theorem, we give a partial answer to the above question. To state our results precisely,
we prepare some notations. By combining the character decomposition of H'(X},) and
Kiinneth decomposition, we can see that the middle-dimensional primitive cohomology
H?" ((X})?") decomposes into 1-dimensional subspaces:

prim
Hgﬁm«X%’L)ZH) = @ V(a(l)’ . ,CM(Qn))7
(aD) .. a@n))e(AL )2

where Al is a certain subset of the character group G’}n defined in Section 2, and
V(a®, ... ) are eigenspaces with respect to the group action by (G}, )"

Under these notations, the following proposition gives a description of characters which
might appear as a non-zero component in the character decomposition of the primitive
class [y;g]pﬁm. In relation to the geometry of Fermat varieties, such components turn
out to be originated from linear subvarieties in 2n-dimensional Fermat variety X 2.

Proposition 1.1 (see Proposition B3). Let (o), --. a®M) be a character in (AL)?",
and [V}, | prim (a W, )) be the component of [V}, |prim contained in V(a @, ... (2")).
Then the non-zero condztwn

1

[erLL]prim(a(l)a Py £ 0
leads to the following description of (o), ... a("):

(1.2) (a®,--,a®V) = 7B R 3 (~B)

for some B € A" (1) N AL (2). Here 75,75 : G — (GL)" are certain group homo-
morphisms, A (1), A7 (2) are certain subsets of G, which are both defined in Section
B, and 1 X 75(—B) denotes the element of (G,ln)Q” obtained by the product of any
8,73 (=B) € (Gp)"™

Our main theorem claims that the converse of Proposition [T is also true in the case

n = 2. It means that we completely determined the components which appears in the
character decomposition of [)2, ) prim-

Theorem 1.3 (see Theorem B2). Consider the case n = 2. Let (ol ),--- ,a®) be a
character in (AL, and (V2] prim (@, -+ o)) be the component of [V2]prim contained
in V(aW, ... a®). Then we have

(V2 |prim (oD a®) £ 0
if and only if
(a(1)>"' ;o ) =1 BR 3 (=8)
for some B € A2, (1) NAZ,(2).
As a corollary, we also completely determined the decomposition of ¢, [y Jprim, which

can be seen as a part of [p()?2,)] by Lefschetz decomposition (see [4], for example), in the
cohomology of J(X!)*. For the precise statement, we remark that the I-th cohomology
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of the Jacobian variety J(X},)?" admits the decomposition into 1-dimensional subspaces
as follows:

(1.4) H'(J(X,,)") = P W)
AEA,;

where A runs in the index set
A= {({agl)f“ 7al(cll)}""{a(12n)v"' ) & ( )}) cP Qll Zk _l}

whose elements are 2n-tuples of subsets in 2.,. The cohomology class [V ]prim also
decomposes into components corresponding to some A € Aypg—2y, in (I4) for | = 4ng—2n,
where g is the genus of the Fermat curve X! . We obtain the following corollary of
Theorem 3 on this decomposition in the case n = 2.

Corollary 1.5 (see Corollary B24). The decomposition of p«[V2|prim consists of the
non-zero components corresponding to A which is the complement of 1 (8) ¥ 75 (—p) for
some B € A2, (1) NAZ,(2), i.e. X is of the form (AL, \ oM - AL\ a@) € Agy_y where
we set (1), o) = 7(8) K 3 (-B).

Finally, let us explain the outline of the paper. In Section B, we recall definitions
and some properties of Fermat varieties, and setup some notion necessary for the precise
description of the main theorem. In Section B, we prove the 1-dimensionality result for
certain components of the cohomology of a resolution of Y,2, which is essentially used in
the proof of the main theorem. Finally, in Section B, we give proofs of our main results.

Acknowledgements. The author would like to thank his adviser, Prof. Tomohide
Terasoma, for enormous advice and careful reading of the manuscript.

2. PRELIMINARIES

2.1. Fermat varieties. Throughout this paper, let (», be a primitive m-th root of unity,
e2mi/m et X be the n-dimensional Fermat variety of degree m defined by

X} ={(xo: - :xps1) c prtl cxg 4 gy = 0}
Let G be a subgroup in (C*)"*2/(diagonal) given by
Gro={(& - &ny1) € (C)"2/(diagonal) : ¢, = 1,(i =0,--- ,n+ 1)},

which is identified with
(Z/mZ)""?/(diagonal)
by the mapping
(Z/mZ)"?/(diagonal) 3 (ag : -~ : Gpy1) + (€20 1 -1 (on+1) € G,

m

This group is naturally acting on the projective space P"*! and also on the Fermat variety
X The character group G7, of the group G7,, is identified with

{(ag, -+ ,ans1) € (Z/mZ)"2 :ag+ - + anyy = 0},
by the mapping
(ao, -+ san1) = (G 3 (G0t -+t &ngr) P 0 - & € C) .
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Let A" be a subset of G7 defined by
A = {a = (ag, - ,any1) €GN 1a; #0forall i =0,--- ,n+1}.

According to the action of the group G7},, the primitive part of the middle cohomology
H™(X]) decomposes as follows [[]:

(2.1) Hii(X7) = € H"(X5)(@), dimH"(Xp)(a) =1,

prim
acAn,

where H"(X))(«a) = {x € H"(X}) : g*v = a(g)x for all g € G}, } is the eigenspace

corresponding to a character a € A7, .

2.2. Fermat covers. We introduce a special hyperplane arrangement A™ and a covering
space Y, as follows.

Definition 2.2. Let A" := {H; j }o<i<j<n+1 be a family of hyperplanes in the n-dimensional
projective space P", defined by the following linear forms:

D Lt 22 (0<i<j<n)
B P (0<i<j=n+1)

Definition 2.3. Let Y, be the normalization of P" in a field extension

(2.4) k’(Pn) - k(Pn)( T/ li,j/lo,l 0<i<g3<n+ 1).

Let m: P — P" be a composition of blow-up morphisms such that the inverse image of
A" consists of normal crossing divisors, which we can construct by [2]. Let Y,* be the

normalization ofﬁ in the field extension (23), and let w : ?vm” — Y be the induced
morphism.

We set N = (”;2) According to [5], Y," is given as the following complete intersection
in the projective space PV~

Yo = {(zijogicjentt € PV Halls —afl o+ a1 =0, (0<i<j<n)}
@25f |
P" = {(zij)o<icj<nt1 €EPY Nz — 21 F2ins1 =0, (0<i<j<n)},

where f maps (z;5)i<;j € Y5 to (27})i<; € P". Then the group
GN=2 = {(&j)o<icjnt1 € (C)N /(diagonal) ; i =1forall0<i<j<n+1)}
acts on Y, by
G 2 x Yo =Yoo (i< (@ig)ics) = (Eijis)ics-

2.3. Rational maps to a Fermat variety - General setup. First of all, we introduce
abstract notions to treat some rational maps from a Fermat cover to a Fermat variety
systematically.



ON CERTAIN ALGEBRAIC CYCLES ON ABELIAN VARIETIES OF FERMAT TYPE 5

Definition 2.6. Consider the following Z-modules generated freely by symbols

A= @ i),

0<i<j<n+1

B = & z4)

0<i<n+1
and define the following maps

E:A=B, Y aylig) = ) ai((i) — (7)),

i<y 0,

N:A—N, Zaij<i7j>'_>2‘aij"
i3 i,J

Definition 2.7. For each £/ = Z” a;j(i,j) € Ker £, we can define a rational map

(28)  pe: Y- X2 (@i)ocicienin o (e e s ey )

lais]
where €;; is given by
€ (aij < 0),
Eij =
1 (0 S aij).
and € is a m-th root of —1.

In (Z3), €;j24;’s are supposed to be put in the lexicographical order in the set of indices

(i,) € Z2, which is

(i1,J1) < (i2,J2) <= i1 < i or (i1 = 42 and j1 < jo)
This rational map pg is equivariant to the group homomorphism

N— E)—

kgt G2 = GNE)72, (gig) = (oo igigreigijior)
—_——
las!

As in the definition of pg, the entries g;;’s are supposed to be put in the lexicographical
order.

An important example in Ker £ is given by
(2.9) (i,5,k) == (i,3) — (i, k) + (4, k)
for 0 <i< j<k<n+1, and we have a rational map to a Fermat curve
(2.10) Diijk) Y- X}m (@ij)icj = (i) : €xi = T4g)
Remark that each p(; ;) extends to a morphism as follows [5]:
(2.11) Plijik) - }7;7% — X,
where Ywm” is a resolution of Y.

Definition 2.12. Let E and E’ be elements in A. A pair (E,E") is regular if they are
contained in Ker £ and satisfy the following relation:

(2.13) N(EY+N(E)—-2=N(E+E.
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Let (E, E’) be a regular pair, and we write
EZZ%'(Z',J'), E/:sz’j<iaj>-
i<j i<j
To simplify the following argument, we assume that
(2.14) laijl, |big], lai; + bij| < 1,
which is enough in this paper. Then E and E’ satisfy, for some pair (ig, jo),
(2.15) Qigjo = 1, bigjo = F1,
Ai5 = bij = 0, or \aij| = 1, ‘bU’ = O, or ’CLZ‘j’ = 0, ’b”| =1.

where i, j run over the range 0 <i < j <n+ 1 and (i,7) # (40, Jo)-

Set k= N(E) —2 and k' = N(E') — 2. Let us consider X¥* | X*¥" and X**¥ as hyper-
surfaces in PAH1 PF+1 and PETA+1 respectively. We write the homogeneous coordinates
for them by (x1)ren, (y7)sen and (2x)genr, where we set the index sets

A = {(ij)ray £0}, A ={(i,j): by # 0} and
A = (AUA)\(ANA) = (AUA)\ {{Go,j0)}

Definition 2.16. Under the above notation, we define

(217) Q(E,E’) : XT];:’L X Xnk; -—> an—i_k/
by q(E,E’)(('TI)IGAa (yJ)JEA’) = (ZK)KEA//, where we set
_ JTKYigjo, (K €A)
ZK = ,
ETiyj0 YK - (K S A)

Note that g g gy is nothing but the rational map appearing in [6] as the part of the
inductive structures of Fermat varieties. Moreover, this rational map q(g, ) is equivariant
with respect to the group homomorphism

(218) T(E,E’) : Gfﬂ, X Gf;; — an-i_k,
defined as follows.

Definition 2.19. Let E and E' as in Definition ZI8. Let us write the homogeneous

coordinates for G G and G¥* by (91)ren, (hy)jen and (ex)genr. We define T(E,E)

by 7(g,e)((91), (hy)) := (ex), where we set

ex = 9xchigjo (K €A)
giojth' (K € A/)

Now we have the following two rational maps by (E3),

PE X PRt Y --» XT@XXT";'L,,
/
PE+E': YTZ -——2 er'j_k .
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We can easily check the commutativity of the following diagram.

X / _ N X / — (A
Yrg ,,,,,,,,, pEpE) XT/X(E) 2 X X#L/‘(E )—2 Gan_2 % G%(E) 2 > G%(E )—2
p / K ’
M ;q(E,E’) w\ inE’El)
Y
X,,A{(EJFE )—2 G%(E‘FE )—2

Moreover, we introduce an operator # as follows.

Definition 2.20. Let E, E' k and k' be the same as in Definition ZI0. Let o = (o) ren
and B = (By) sen be a pair of elements of G¥, and G . If o and 3 satisfy

(2.21) aiojo = —Biojo,
where (ig, jo) is the same as in (ZIA). then we define
a#f = (V&) Ker,

where we set

) ok, (K S A)
KT B (K € N)

2.4. Rational maps to a Fermat variety - Central examples. Throughout this
paper, according to [G], we consider the following two specific rational maps.

Definition 2.22. Let py,ps : Y,? - (X1)" be rational maps defined by

p1o= P12y X (Po13) X Pio2ay X -+ X Pon—1,n+1));
DE, X PEy X PE3 X« X PE,
p2 = (Paog) X P(aa) X - X Pn—1nn41)) X Pl n+1)

= PR XPFRy X XPE,_1 X PFys

where we set

g )012 (i=1),
Z._ (1) =50,i —1,i + 1) (2 <i<n),
o {(_1)i_1(i,i+1,i+2> (1<i<n-—1),
ST (=)0, + 1) (i = n).

Then p1 and po are dominant and equivariant with the group homomorphisms
K1 :=Kpg, X - XKE,, K2 1= Kp X - X KR, ,
respectively.
We remark that
By 4+ A E,=F+ -+ F,=(1,2) = (1,3) + - + (=1D)"10,n) + (—1)"(0,n + 1)
in A.
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Now we can construct two rational maps ¢; and g2 which make the following diagram
commutative:

m m
p2 71]1

v \

1\n n
(Xg)" = X

In fact, g1 and ¢y are obtained from rational maps of (E14) as follows:
01 1= (A(Br 4 By, Bn) X Tn=2) © 0 (d(B1 435, 55) X 73) © (d(5y,B5) X T2),
qQ2 = (Q(F1+.-.+Fn,1,Fn) X p—1) 00 (Q(F1+F2,F3) X T3) 0 (Q(Fl,FQ) X T2),

where m; : (X}1)"7 = X1 x (X1)r=i71 — (X})"~1 is the canonical projection of the
last n — i — 1 factors, and thus g; is the iterative composite of rational maps

UE 4+ Ei1,E) X Ti (XX X)) x (X)) - X (X)L
It is easy to check that
41 °P1 =4q20pP2 = PE++E, = PFi+-+F, =T,
which is given explicitly by
1 (Tij)o<icj<ntt = (T12 1 €13t € 1 g1 1 €M 0t €M B0 t1),s

where ¢ is a m-th root of —1. We can make ¢; and ¢» equivariant under group homo-
morphism

71,72 : (Gin)n — Gnm

which are composites of the group homomorphisms of type (ZI3).
Set A be the group homomorphism defined by

Ai=T1 0K =T20K2 : (gij)o<i<j<nt1 > (912 913 T+ * Gn—1,n41 : Gon © JO.n41)-

The dual homomorphism of 7; is denoted by 7" : Gn — (G,in)" for 1 = 1,2. We define a
subset 27 (i) of G, as follows:

A5, (1) 1= A5, 0 (1) 7H(A)")-

We can easily chech 71 and 7 satisfy the following commutative diagram.

v et G (G
PN
\
(Xl )n ,,,,,,,,,, -~ ){Yn (Gl )n aGn
m q2 m m To m

Here we remark that r is a quotient morphism by

(2.23) Go = Ker A c GN—2,
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3. COHOMOLOGY OF Y;2

Let us consider Y, YNm” for the case n = 2. Then let N = (”;2) = 6. According to the
action of the group GN=2 on H?(Y,2), we have the eigenspace decomposition
H (Y3 = @ H ).
aECAvENn*Q
Using properties of a quotient morphism r : Y,2 — X2 and a Fermat surface X2, we

study properties of eigenspaces of H2(Y,2). In the proof of our main theorem in Section
A the next proposition plays a key role.

Proposition 3.1. We have
(3.2) dime HA(Y2)(\*B) = 1
for any B € AZ,.
Proof We consider the following diagram
S cv: 5LH X2 o %
(3.3) Y
Z c P25 P2 5 g(%),
where f and g are quotient morphisms, and Z, %, Suare defined as follows. Let Z C P?
be a set of triple points in the arrangement A% and P2 be the open subset P2\ Z. We set
Y=g '(7(2)),
and set X2, := X2 \ ©. Then we have that
r () = f1(Z) =Sing Y2 =: S.
Let YT% be Y2 \ S, which is nothing but the smooth part of Y,2.
By restricting the diagram (833) to the open subsets, we have the following diagram
v2 5o X2
L Lg
P2 — P?\g(%),
where 7, f , g are the restricted morphisms. We have 7 is still a quotient morphism by the

subgroup Gg of the group GN~2 acting on Yn% It follows that the pullback by 7 gives
the embedding

P HA(X2) = H*(Y2)C0 ¢ H*(Y2).
Thus we have the following isomorphism between corresponding eigenspaces,
(34) H*(XZ3,)(B) = H*(Y3)(A"B),
for all 8 € 2A2,(1) N2AZ,(2).

Now we identify the smooth part YW?L with an open subset w‘l(Y:%) in }Z?L Then (82)
follows from the next lemma. O
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Lemma 3.5. We have the following isomorphisms:

(3.6) H*(X2)(8) = H*(X2)(B),
(3.7) H2(Y2)(a) = HA(Y2)(a)
for all B € A2, a € AN=2. As a consequence, we have
dim H*(Y2)(38) ‘) dim H2(Y2)(X*B)
S dim H2(X2)(8)
S dim H2(X2)(8)
(Eﬂ) 1

Proof of (3@): We consider the long exact sequence of relative cohomology associated
to the pair (X2,, X2) as follows:

o HY(XP, X2)(B) = HY(X))(8) = H*(X2)(8) = -+
Then it is enough to show that
(3.8) H* (X2, X2)(8) =0
for any B € A2,. To show this, we use the following fact.

Proposition 3.9 (Alexander duality, see [38] for example). Let M be a closed orientable
manifold of dimension n and K be a locally contractible, compact subspace. Then we
have an isomorphism H;(M,M \ K) = H"*(K) for all i.

Let ¥ = X2\ X?n By Alexander duality, we have an isomorphism
H* (X7, X2)(8) = Ha—«(2)(B)
for any 8 € G?n It follows that (B3R) is reduced to show that

(3.10) H.(Z)(8) = 0
for any 3 € A2,. Now let ¥, := g~ 1(p), a fibre of g : X2, — P? over p € g(3). We have a
decomposition
Y= |_| g_l(p) = |_| 2p.
peg(%) peg(¥)

According to this decomposition, the homology H,(X) decomposes as

(3.11) H.(2) = P H.(%).
peg(L)

Since each X, is a fibre over p, a branch point of g, we have a non-trivial subgroup, for

some k,
Gp = {(0:-~:k_$th:~-:0) €G? :xecZ/mZ} C G2,
fixing any points in ¥,. Then G, acts trivially on H,(%,) and thus we have

(3.12) H.(S,)(8) = 0
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for all 3 € AN 2. Then we obtain (8I0) and finally the isomorphism (BB). O

Proof of (3-1): As well as the above argument, we consider the long exact sequence of

relative cohomology associated to the pair (Y,2, Y,%) as follows:

o HA(VE V) () = H(VE)(0) = HX(Y2)(0) = -

Since dim H 2(Yn%)(c)c) = 1 by (B3) and (BH), the isomorphism (B72) is reduced to show
that
(3.13) HX(Y2,Y2)(a) =0

mr - m

for all o € AN~2. By Alexander duality, we have an isomorphism

(3.14) H*(YV2,Y,2) (@) = Hy(E') @),

where E' = f~1(E), E := 7~ 1(Z) as in the following commutative diagram:
E' C ﬁ%v % Y2 o 8

(3.15) Vf S
E c P2 5% P > Z =7"g(%)={p, - ,pa},

where 7 : P2 — P? is an blowing-up along Z, f: {/:% s P2 is an abelian covering branched
along the total transform A2 of the arrangement A?. Here we remark that the induced

morphism w : Y2 — Y2 gives a resolution of Y,2 since A? consists of normal crossing
divisors.
By (BT3), the vanishing (B13) is reduced to show that

(3.16) Hy(E'(a) =0

for all @ € AN=2. Let E, = 7 1(2), a fibre of 7 : P2 — P2 over z € Z. We have a

decomposition
E— |_| 7 H(z) = |_| E..
z2€Z z€Z

Also for z € Z, let E. = f~}(E,), an inverse image of E, by f : }7,% — P2. We have a
decomposition

B = a2 = |7 E) = || B

z2E€Z z€Z

Let B, = E. N A2 and let B, = f~Y(B,) C E.. Consider the long exact sequence of the
relative homology associated to the pair (E., E. \ B.) as follows:

- Hy(EL, B, \ BL)(a) » Hy(EL)() — Hy(E. \ BL)(a) = 0

Here Hy(E.\ B.)(«) = 0 follows from the fact that F’\ B’ is a 1-dimensional affine curve
and Serre’s vanishing theorem about the Betti cohomology of smooth affine varieties.
Since we have

(3.17) Hy(EL, B, \ B.)(a) = H’(B.)(a)
by Alexander duality, the vanishing (B8) is reduced to show that
(3.18) H*(B.)(a) =0
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for all o € AN2.
Now we shall show (BI8) as in the argument about (8I8). Let B, , = f~'(p), a fibre

of fover p € B,. We have a decomposition

B,Iz: |_| .}Ll(p): |_| B,/z,p'

peBz pEBz

According to this decomposition, the cohomology H*(B.) decomposes as

H*(B)) = P H*(B.,).

pEB;

Since each B;’p is a fibre over p, a branch point of f, we have a non-trivial subgroup, for
some k,

— N L N N-2 . N-2
Gy ={(0:---:0:2:0:---:0) € G, " :x € Z/mL} C Gy,

fixing any points in B ,. Then G}, acts trivially on H*(B;,,) and thus we have
H*(B ,)(a) =0

for all € AN 2. Then we obtain (BI8) and finally (82). O

4. CHARACTER DECOMPOSITION OF [V}}]prim

4.1. Statement and proof of Main Theorem. Let us recall that ), is the image
under p = p; X pg : V' ——» (X1)?" where p; := pg, X --- X pg, and pg :=pp X -+ X PR, .
Remark that we also have rational maps ¢; : (X})" --+ X for i = 1,2, which satisfy
the following commutative diagram:

To consider the character decomposition of the fundamental class [V} ], we make some
remarks on the cohomology of the product of Fermat curves X! . We recall that the
cohomology of X} admits the following character decomposition with respect to the
action of G},

H'(X;) = @ H'(X;)().

aell,
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By combining this decomposition and the Kiinneth decomposition, we have the following
decomposition of the cohomology group H2?"((X})?"):

(XL 2 P B e @ (X))
s1+-+s2p=2n

_ D P (x| oo @ B (XL) ()

sittsan=2n \aeGl, aclGl,

= S  mE)EeM e e B )
R S

rim

cup product with its Kéhler form, and it follows that

(4.1) H2E (X)) = P Via®, .. o)y,
(O‘(l)v"' 7a(2n))6(9"}n)2n

We focus on the primitive part Hf)” ((X})?") whose elements are annihilated by the

where we write V(a(®), ... a®) = Hérim(X%l)(a(l)) ®--® ngim(X}n)(a@")), which

is a 1-dimensional eigenspace with respect to the group action by (GL,)?".
According to (ET), we have the decomposition of the primitive class [V} |prim

[Vlprim = D V2 Jprim(a®, -, a2).

() am))el, )2
The main theorem is stated as follows:

Theorem 4.2. Consider the case n = 2. Under the above notations,

(43) [y?n]prim(a(l)v T ,(Jé(4)) 7é 0
if and only if
(4.4) (@, oY) = B R 75 (-B)

for some B € A2,(1) NA2,(2). Here, for any 1,72 € (GL)", 1 Ky denotes the element
of (GL))*" obtained by their product.

Let us start to give proof of Theorem B2. First, we show the easier direction (£=3) =
(E22). Moreover, we can prove the n-dimensional version as follows:

Proposition 4.5. Let (oD, ---  a®") be a character in (AL,)?™. If the non-zero condi-
tion

(4.6) (Vi lprim (@, - al®M) £ 0.

holds , then we have

(47) (@, al) = 71 F R 73 (—P)

for some 5 € AT (1) NAT (2).
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Before giving proof of Proposition B3, we notice that the condition () is equivalent
to the following condition

(@3) (X)) (—a, - —aC) £ 0,

Indeed, the equivalence between (E@) and (E61) follows from the following lemma and
its corollary.

Lemma 4.8. Let M, N be (real) oriented, compact, connected manifolds of dimension
d, 2d respectively, f : M — N be a smooth map and 15y € H(M;Z) a generator. Suppose
that N has a group action by an finite abelian group G. Let f.(1p) = Zaeé vq be a

decomposition of the image of 1,1 under the Gysin homomorphism f, : HO(M) — HY(N),
according to the eigenspace decomposition

HYN;C) = P V().
acl
Then vy # 0 if and only if f*(V(—«a)) # 0.
Proof Assume that f*(V(—a)) # 0. Then since f, : HY(M) — H?¥(N) is an isomor-
phism between the top cohomology, we have
[ (V(=a)) #0

Applying the projection formula, we have
o (V(=a)) = fo(f*V(=) Uly) = V(=a) U fi(ly) = V(—a) Uva # 0,

in which we use the fact V(8) Uve C V(8) UV (a) € HX(N)(B+a) =0 for all € G
satisfying 8 4+ a # 0. Thus v, should be non-zero.
The converse follows by inverting the above argument with Poincaré duality. OJ

By directly applying this lemma to the condition (E), we have the following equivalent
condition.

Corollary 4.9. The condition (G-4) is equivalent to (-6])

Thus we can work on the condition (E61) instead of (E8) in proof of both Theorem
A2 and Proposition B3. Now we give proof of (E6]) = (£=7), i.e. Proposition .

Proof of Proposition =3: Throughout in the proof, it is useful to write

ofii=a®,  QFi = o),

for 1 <4 < n. First of all, we note that the GN~2 acts trivially on the top cohomology
H?"(Y") and thus on p* H**((X1)?") (a1, .-  af™). Then we have

af1(k vt afn (K
(4.10) o = gt = Bre(g)t = (o rm@)t e e @) g
for all g G%ﬂ and v € HQn((X%@)Qn)(aEla -+, af). Since p*v # 0 for some (and any)

non-zero vector v by assumption, it follows that

(411) P (kg (9) + -+ 0 (kg (9) + @ (kR (9)) + - + o (KR, (9)) =0,
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for any ¢ € GN~2, which is the exponent of (,, in the right-hand side of (EI0). If we
consider (A1) for generators

g:g<k7l>::(1:'--:1:C771:1:-‘-:1)€GT]X72

where (,, put in the index of (k,[), then we obtain a relation modulo m between integer

entries in the a” or o’ corresponding to E; or F; which contains (k,[) as their non-zero
term.

Recall that 7] is obtained as
T = (T, ) X T2)" 0+ 0 (T(By4ot Byr,Ba) X Tn)"

where (T(g,4..tm_,,B,) X )" Giox (GLy—t — @il x (GL )=+l To show the
Proposition, we will define
oBrttE o Gv.;\n/—(E1+---+Ei)f2

inductively for ¢ = 1,--- ,n, with the relation
(4'12) (aElJr.“JrEFlaaEi) = T(*El-‘-..--i-Ei—l,Ei)(aE1+...+Ei).
Then it follows that

(4.13) (aEl’ R 7aEn) — 7.l*(aE1+~~-—|—En)_

since 71 is obtained by the inductive composition of (E132).

Now we define o®11+Fi inductively as follows. First of all, we remark that the relation
(E12) is empty for i = 1. Then suppose that we have a1+ +Fi-1 satisfying (B12). We
can see that +(0,7 — 1) is the common term in Fy + --- + F;_1 and E;. On the other
hand, we notice that Fy,--- , F,, does not contain the term +(0,7 — 1) for i = 2,--- ,n.
Thus, from the relation (ETT) for g = g ;—1), it follows that Ey + --- + E;_1 and Ej;
satisfy the condition (2221) for (ig, jo) = (0,7 — 1). Therefore we can define a1+ % as

ot tE . aE1+"'+Ei*1#Oin.

The relation (B12) follows from the definition of the operator # and the homomorphism

*
T(Er44Ei1,E)"
Similarly, we can define of1 T *Fi inductively with the relation

(4.14) (aF17 .. ,aFn) — T;(QF1+-~~+FTL)

by using the relation (ETT) for g = g(2.3), " , G(nn+1) as above.
To finish the proof of the Proposition, it is enough to check that
(415) aE1+"‘+E7L — —OgFl+“.+F"’

which leads to the desired equation
(aE17 e 7aEn7aF1> e 704Fn) = Tik(ﬁ) X T;(_B)

for B := a1+ T8 by combining with (ET3) and (E14d). Now (EZI3) follows from the
relation (B1) for g = g(1,9),"** , Y(o,n+1) corresponding to terms in Fy + -+ + B, =
Fi+--+F :<172>_<1’3>+“.+(_1)n71<0’n>+(_1)n<0’n+1>_ O

We come back to the proof of Theorem BZ2. By Corollary B9, we work on the condition
(E37) prEN (X)) (=, —a™)) £ 0.
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instead of (B33). In other words, we prove the equivalence between (I231) and (E4) in
the rest of this section. Since Proposition B3 contains the direction of (A31) = (B2), it
remains to show the converse (24) = (£31).

Now we set

(01(1)7 e ,OZ(4)) = 7-1*5 X 7-;(_6)
for any 8 € 2A2,(1) N2A2,(2), and we shall prove (E31) for this (aV), - a®). The
right-hand side of (E231) can be calculated as follows:

prHY (X)) (=al, - —aW)) = (H4((X1 )7 (—
= P(H*((Xp)*) (i (=5)
~*H2((X ))(1 (=5)
(4.16) C HXY2)(\(=B)) U H(Y,
(4.17) = HYY2)=CcC,
where the last equality (E14) follows from Poincaré duality.
Claim 4.18. The inclusion (-18) is an equality.

B) X 73 8)

) © H (X)) (75 6))
)Upz*HQ((Xl) )(735)
(Y2)(\B)

Proof 1t is enough to show the equality

(4.19) BHA((X5)))(r8) = HA(Y2)(NB),

for i = 1,2 and any 3 € Qlfn( )N 2A2 (2). Since p; is surjective by its definition, it follows
that the induced pullback

(4.20) Pt HY(X0,))) (77 8) = HX(Y2)(\B)

is injective. Now since the domain H2((X},)?)(7}3) is not zero and the target HQ(}//;%)()\*B)
is 1-dimensional by Proposition BT, (2=20) gives an isomorphism. Thus (B=T9) holds. O

Finally we have
PrH(X)Y (=, —aW)) = C
and, in particular, (2233) holds. This finishes the proof of Theorem E2.

4.2. Decomposition of ¢.[V) |prim. As a corollary of Theorem B2, we obtain a result
on the cohomology class ©«[V7]prim in the cohomology of the Jacobian variety J(X )"

For the precise statement, we recall some facts on the cohomology of the Jacobian
variety. First of all, we remark that the first cohomology H!(J(X},)?") is canonically
isomorphic to

2n
(4.21) HY(J(X})?) = HY (X)) @w*Hl (X3) = P V()
i=1 aeUl,

where 7; : (X1)?" — X} is the i-th projection and V() is a 1-dimensional eigenspace
with respect to a character . On the other hand, in general, the [-th cohomology of
complex torus T is generated by cup products of its first cohomology (see [0] for example).

(4.22) HY(T) = \ H\(T).



ON CERTAIN ALGEBRAIC CYCLES ON ABELIAN VARIETIES OF FERMAT TYPE 17

Thus we have the canonical decomposition of H'(J(X},)?") as follows:

(4.23) H'(J(X))™) = P W
AENA;

where X runs in the index set

Avi= {({aﬁ”, b o™ al)) € PGS T = z},
(2
whose elements are 2n-tuples of subsets in 2!, and we set W ()) a 1-dimensional subspace
obtained by the cup product of 7} V(ag-i)) in (E=2T).

For the argument below, we define the complement of A = (Al,---  A?) € A; as
Moo= (AL AL AN € Aggon.

Now we focus on the case n = 2. The cohomology class ¢.[V2 ]prim in the cohomology
H8974(J(X],)?) also decomposes into components corresponding to A € Ag,—4 in (E223),
where g is the genus of the Fermat curve X! . We obtain the following result on this
decomposition as a corollary of Theorem L=3.

Corollary 4.24. The decomposition of v.[) ]pnm consists of the non-zero components
corresponding to \ which is the complement of 75 (8) X 75(—8) for some B € A2,(1) N

A2(2), i.e. Xis of the form (AL \aM ... AL \aW) € Ag, 4 where we set (oD, o) =
1 (B) W73 (=h).

Proof 1In general, let = be a class in H'(J(X},)?") and z(\) be a component of the
decomposition z = Y, x(\) in (B=Z3). It is easy to see that z(\) # 0 if and only if
x U W (X*) # 0 holds, because of (A222) and the definition of W () and \*.

Let us take a component ¢.[V2]pim(\) for A € Agy—4. We write the complement

A as Af = ({7%1),--- ,'y,(i)} {7%4),--- ,715:4)}), where k1 + --- + k4 = 4 is satisfied.

Then it follows that k&1 = --- = k4 = 1 and (v (1), ,754)) = 7 X 75 (=) for some
B e A2 (1) N2AZ,(2). Indeed, by the definition of Gysin homomorphism ¢,, the adjoint
formula ( V2 ]pnm) U W(/\*) = [y%]mim U @*W(A*) holds. Since we have o*W (A\*) =
s (V(’A )) . 'UV(%&))) ®---@m; (V(’y§4)) U-- -UV('y,(é))) in H4((X})%), it follows that
the non-zero condition [V2,]prim U@*W (A*) # 0 holds if and only if k; = --- = k4 = 1 and
A* = (751) ,vg )) is of the form (B=4) by Theorem B=2. Thus Corollary follows. O
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